Here we described a protocol by which one can broadcast GHZ-type states secretly. We have done this with the help of a cloning machine followed by subsequent measurements. We also made a comparative study of the amount of residual tangle present in these entangled states, obtained as outputs of the measurements.
Introduction
In recent years it is of fundamental importance to know various differences between classical and quantum information. Many operations which are feasible in digitized information become impossibilities in quantum world. Unlike classical information, in quantum information theory, we cannot clone and delete an arbitrary quantum states which are now known as the no-cloning [1] and the no-deleting theorems [6] .
No-Cloning Theorem: Any unknown arbitrary quantum state can not be cloned exactly by any quantum operation. or Any two non-orthogonal quantum states can not be cloned exactly by any quantum operation.
No-Deletion Theorem:Any unknown arbitrary quantum state can not be deleted exactly by any quantum operation. or Any two non-orthogonal quantum states can not be deleted exactly by any quantum operation.
But if we pay some price, then approximate or exact cloning is possible. For example, it does not prohibit the possibility of approximate cloning of an arbitrary state of a quantum mechanical system. The existence of Universal Copying Machine (UCM) created a class of approximate cloning machines which are independent of the amplitude of the input state [2] . The optimality of such cloning transformations has been verified [3] . There also exists another class of copying machines which are state dependent. The original proof of the no-cloning theorem was based on the linearity of the evolution. Later it was shown that the unitarity of quantum theory also forbids us from accurate cloning of non-orthogonal states with certainty [4] . But non-orthogonal states secretly chosen from a set can be faithfully cloned with certain probabilities [7] or can evolve into a linear superposition of multiple-copy states together with a failure term described by a composite state if and only if the states are linearly independent. Although nature prevents us from amplifying an unknown quantum state but nevertheless one can construct a quantum cloning machine that duplicates an unknown quantum state with a fidelity less than unity [1, 2, 3, 4, 5] .
For decades , quantum entanglement have been the focus of much of the work in the foundation of quantum mechanics. In particular, it's genesis comes with the concepts of non -separability, the violation of Bell Inequalities and EPR paradox [8] . Creation and operation with entangled states are essential for quantum information application.Some of the applications are quantum teleportation [12] , quantum dense coding [11] , quantum error correction [26] , quantum cryptography [9, 10, 23, 24] . Hence quantum entanglement has been viewed as an essential resource for quantum information processing and all of these applications depend upon the strength of quantum entanglement. One of the most important aspects of quantum information processing is that information can be 'encoded' in non -local correlations (entanglement) between two separated particles.
A lot of work have been done to extract pure quantum entanglement from partially entangled state [10] . Now at this point one can ask an question : whether the opposite is true or not i.e. can quantum correlations be "decompressed"? The probable answer to this question is "Broadcasting of quantum entanglement". Broadcasting is nothing but local copying of non-local quantum correlations. That is the entanglement originally shared by a single pair is transferred into two less entangled pairs using only local operations.
Suppose two distant parties A and B share two qubit-entangled state ).
Further S.Bandyopadhyay et.al. [13] showed that only those universal quantum cloners whose fidelity is greater than 1 2 (1 + ) are suitable because then the non-local output states become inseparable for some values of the input parameter α. They proved that an entanglement can be optimally broadcasted only when optimal quantum cloners are used for local copying and also showed that broadcasting of entanglement into more than two entangled pairs is not possible using only local operations. I.Ghiu investigated the broadcasting of entanglement by using local 1 → 2 optimal universal asymmetric Pauli machines and showed that the inseparability is optimally broadcast when symmetric cloners are applied [14] .
Few years back we studied broadcasting of entanglement using state dependent quantum cloning machine as a local copier. We showed that the length of the interval for probability-amplitude-squared (α 2 ) for broadcasting of entanglement using state dependent cloner can be made larger than the length of the interval for probability-amplitudesquared for broadcasting entanglement using state independent cloner [15] . In that work we showed that there exists local state dependent cloner which gives better quality copy (in terms of average fidelity) of an entangled pair than the local universal cloner [15] .
In recent past Adhikari et.al in their paper [16] showed that secretly broadcasting of three-qubit entangled state between two distant partners with universal quantum cloning machine is possible. They generalized the result to generate secret entanglement among three parties. Recently Adhikari et.al proposed a scheme for broadcasting of continuous variable entanglement [17] . In another work [18] we presented a protocol by which one can broadcast five qubit entangled state between three different parties. In [27] we presented a protocol by which one can secretly broadcast W-type of states between three different parties.
Along with Einstein-Podolsky-Rosen (EPR)state and Greenberger-Horne-Zeilinger (GHZ)
state, there exist other entangled states such as W-class states and zero sum amplitude (ZSA) states [19] which have substantial importance in quantum information theory.
In this work we start with a GHZ-type state shared between three parties Alice, Bob and Carol. Then each of these three parties apply local cloning transformation on their respective qubits. After that they perform measurements on their respective machine vectors. Not only that, each party informs others about their measurement results using Goldenberg and Vaidmans quantum cryptographic scheme [20] based on orthogonal state.
Since the measurement results are interchanged secretly among them, so Alice ,Bob and Carol share secretly six qubit state. Among six qubit state, we interestingly find that there exists two three qubit GHZ-type states shared by Alice, Bob and Carol. Then we also make a study of the separability and inseparability criterion of the local and non local subsystems of the states obtained as a result of this measurement on machine state vectors.
The advantage of this protocol from the previous broadcasting protocols is that here we secretly generate two states : (1) One between Alice's original qubit and cloned qubits of Bob and Carol, (2) Another between original qubits of Bob and Carol with the cloned qubit of Alice. Now to have a knowledge about the quantum information, eavesdroppers have to do two things: First, they have to gather knowledge about the initially shared entangled state and secondly, they have to collect information about the measurement result performed by three distant partners. Therefore, the quantum channel generated by our protocol is more secured and hence can be used in various protocols viz. quantum key distribution protocols [9, 10, 23, 24] .
The organization of the work is as follows. In section 2 we describe the cloning transformation applied by three parties Alice,Bob and Carol and also evaluate the fidelity of the cloning transformation applied. In section 3 we describe the protocol by which we are going to broadcast the GHZ-type state secretly among three parties. In section 4 we obtain the residual tangle of the non local subsystems. In section 5, i.e. 'Conclusion', we have reviewed the previous sections and have given our concluding remark.
Quantum Cloning Machine: Description and Analysis
In this section we introduce a new type of cloning transformation given by,
where {| ↑ , | ↓ } are post operation orthogonal quantum cloning machine state vectors.
Without loss of generality, x and y can always be considered to be real parameters.
Let |ψ = α|0 + β|1 with α 2 + β 2 = 1, be the input state. Here without any loss of generality, we have assumed α, β as the real quantities. The cloning transformation () copy the information contained in the input state approximately into two identical states described by the density operators ρ out a and ρ out b , respectively. The reduced density operator ρ out a is given by,
The reduced density operator ρ is given by,
To investigate how well our new cloning machine copy the input state, we have to calculate the fidelity of the quantum state in the mode 'b'. Therefore the fidelity at the output mode b is given by,
Here we have considered |Σ = m 1 |0 + m 2 |1 , with m , the fidelity at the input mode 'b' is given by,
To copy the information in the mode 'b', the input qubit at the mode 'a' gets distorted at the end of the transformation. The amount of distortion is given by,
The average distortion is given bȳ
3 Secret Broadcasting of GHZ type state:
In this section we describe the protocol by which we broadcast three qubit GHZ state secretly . Let us consider a situation where three parties Alice, Bob, Carol share a GHZ state amonng themselves. The GHZ type state among themselves,
where α, β are all real with α 2 + β 2 = 1. The qubits 1,2,3 are with Alice,Bob and Carol respectively. Alice , Bob and Carol then operate quantum cloning machine defined in equation (3) locally to copy the state of their respective particles. Therefore, after operating quantum cloning machine, Alice , Bob and Carol are able to approximately clone the state of the particle and consequently the combined system of six qubits is given by
The subscripts The tensor product of machine state vectors of three friends after the measurement is given by the following table. 
Now let us consider the case when the measurement outcome is | ↑
the six qubit entangled state shared by Alice , Bob and Carol is given by,
Now it remains to be seen whether one can generate two 3-qubit W-type state from above six qubit entangled state or not.
It is evident from the outer products of equation (12), that the density operators ρ 156 and ρ 234 represent the density matrix of GHZ-type of states.
Now we have to check that whether in our protocol the local output states are separable or not. The density operators representing the local output states are given by,
Now if one applies the Peres-Horodecki criterion to see whether the states are entangled or not, he will find that for each of these density operators, W 4 = W 3 = 0 independent of values of α, β. This clearly indicates the fact that the local output states are separable.
Thus with the help of the above protocol one can generate two three qubit GHZ-type states from a GHZ-type state:
(1) One between Alice's original qubit and cloned qubits of Bob and Carol.
(2) Another between original qubits of Bob and Carol with the cloned qubit of Alice.
One can use these two secretly broadcasted three qubit GHZ-states as secret quantum channels between three partners for various cryptographic schemes.
Analysis of Entanglement of Local and Non local subsystems of various measurement outcomes:
In this section we analyze the amount of entanglement present in various local and non local subsystems for all the measurement outcomes shown in table1.
Here we will use Peres-Horodecki criteria [21, 22] to show the separability of local outputs.
Peres-Horodecki Theorem :The necessary and sufficient condition for the state ρ of two spins 1 2 to be inseparable is that at least one of the eigen values of the partially transposed operator defined as ρ T mµ,nν = ρ mµ,nν , is negative. This is equivalent to the condition that at least one of the two determinants W 3 = ρ 00,00 ρ 01,00 ρ 00,10 ρ 00,01 ρ 01,01 ρ 00,11 ρ 10,00 ρ 11,00 ρ 10, 10 and W 4 = ρ 00,00 ρ 01,00 ρ 00,10 ρ 01,10 ρ 00,01 ρ 01,01 ρ 00,11 ρ 01,11 ρ 10,00 ρ 11,00 ρ 10,10 ρ 11,10 ρ 10,01 ρ 11,01 ρ 10,11 ρ 11,11 is negative.
Since all the non local outputs are three qubit systems Peres-Horodecki criterion is not sufficient to detect the amount of entanglement present in them. So we will use residual tangle [28] to quantify the amount of entanglement present in them.
Tangle and Residual Tangle : There is always possibility that three qubits A, B, and C may be entangled with each other. and we can expect a trade-off between As entanglement with B and its entanglement with C. This is however expressed in terms of a measure of entanglement called the "tangle" . The tangle between A and B (τ AB ), plus the tangle between A and C (τ AC ), cannot be greater than the tangle between A and the pair BC (τ A(BC) ) (a "three-way tangle" of the system, which is invariant under permutations of the qubits).
This inequality is as strong as it could be, in the sense that for any values of the tangles satisfying the corresponding equality, one can find a quantum state consistent with those values. This inequality in some particulr cases strictly becomes equality:
As we will see, it turns out to be very interesting to consider the difference between the two sides of Eq. (14) . This difference can be thought of as the amount of entanglement between A and BC that cannot be accounted for by the entanglements of A with B and C separately. This difference represents a collective property of the three qubits that is unchanged by permutations; it is really a kind of three-way tangle and we call this by 'residual tangle' and denote this quantity by τ ABC .
Now we will consider each possible measurement outcomes and use Peres-Horodecki criteria [21, 22] to show the separability of local outputs. Not only that we will use residual
tangle [] to quantify the amount of entanglement present in non-local subsystems.
Measurement Outcome: | ↑
Non-Local Output States:
Here for non local output states ρ 156 , ρ 234 , τ AB = τ AC = 0, the residual tangle τ ABC = 4α 2 β 2 Local Output States:
For local output states ρ 14 , ρ 25 , ρ 36 , we have W 3 = W 4 = 0.
Here for non local output states ρ 156 , ρ 234 , τ AB = τ AC = 0, the residual tangle
Local Output States:
Measurement Outcome: | ↓
Here for non local output states ρ 156 , ρ 234 , τ AB = τ AC = 0, the residual tangle τ ABC = 4α 2 β 2 Local Output States: If we analyze each of the measurement outcomes, we will find that all the local output states are separable, whereas the non local output states are having a residual tangle of magnitude 4α 2 β 2 .
Conclusion:
In this work, we present a protocol for the secret broadcasting of three-qubit entangled state (GHZ-type) between three distant partners. Here we should note an important fact that the two copies of three-qubit entangled state is generated from previously shared three-qubit entangled state independent of the input parameters α, β, γ. They send their measurement result secretly using cryptographic scheme so that the produced copies of the three-qubit entangled state shared between three distant parties can serve as a secret quantum channel. Now these three parties can use these newly broadcasted GHZ-type states as quantum channels more securely than any three qubit entangled states. Not only that we also analyze the different measurement outcomes, we will find that all the local output states are separable, whereas the non local output states are having a residual tangle of magnitude 4α 2 β 2 .
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